Math 604





Name_________________________

Related Rate Problems from 4.6

More Related Rates Problems

1. Two runners are running on circular tracks each of which has a circumference of 1320 feet. The tracks are 100 feet apart and the runners start opposite each other and move at the same constant rate of 880 ft/min. How fast are the runners separating when each has run 165 feet?

2. A screen saver displays the outline of a 3 cm by 2 cm rectangle and then expands the rectangle in such a way that the 2 cm side is expanding at the rate of 4 cm/sec and the proportions of the rectangle never change. How fast is the area of the rectangle increasing when its dimensions are 12 cm by 8 cm?

3. An FBI agent with a powerful spyglass is located in a boat anchored 400 meters offshore. A gangster under surveillance is walking along the shore. Assuming the shoreline is straight and that the gangster is walking at the rate of 2 km/hr, how fast must the FBI agent rotate the spyglass to track the gangster when the gangster is 1 km from the point on the shore nearest to the boat?  Convert your answer to degrees/minute.

4. A flood lamp is installed on the ground 200 feet from a vertical wall. A six foot tall man is walking towards the wall at the rate of 30 feet per second. How fast is the tip of his shadow moving down the wall when he is 50 feet from the wall?

5. A receptacle is in the shape of an inverted square pyramid 10 inches in height and with a 6 x 6 square base. Suppose that the receptacle is being filled with water at the rate of .2 cubic inches per second. How fast is water rising when it is 2 inches deep?

6. Consider the hyperbola y = 1/x and think of it as a slide. A particle slides along the hyperbola so that its x-coordinate is increasing at a rate of f(x) units/sec. If its y-coordinate is decreasing at a constant rate of 1 unit/sec, what is f(x)?

Solutions:

1. The mathematical model of this problem is a rectangle of varying width x and height y. The underlying independent variable is time. We are asked to find dA/dt at when x = 12 and y = 8. We are given that dy/dt = 4. The relationships in the problem are 

A = xy   and   2 x = 3 y.

Note that the relationship between x and y is needed: these are not static variables. Consequences of these relationships are: 

dA/dt = [dx/dt] y + x [dy/dt]   and   2 dx/dt = 3 dy/dt.

Using these we see that 

dx/dt = (3/2)(4) = 6 cm/sec 

and that

dA/dt = (6)(8) + (12)(4) = 96 cm2/sec. 

2. The mathematical model of this problem is sketched below. The underlying independent variable is time and the independent variables are x and . For starters, we will measure all distances in meters, time in hours, and (since we are doing calculus) all angles in radians. In these terms, our problem is the following: Given that dx/dt = 2000 m/hr, find d/dt when x = 1000. Our answer will appear at first in radians per hour, which then must be converted to degrees per minute. 

Since the triangle in the figure is a right triangle, the variables x and are related as follows. 

tan() = x/400.

Differentiating we find the following relationship between the variables and their rates of change. 

sec2() (d/dt) = (dx/dt)/400

 Since the secant is the reciprocal of the cosine, this can be rewritten as follows. 

d/dt = (dx/dt)(cos2())/400. 

Now we consider the instant when x=1000m; we must compute cos2() and substitute this number into the equation for d/dt. Using our reference triangle and the fact that cosine is equal to (adj/hyp), we find that

cos2() = 4002/(10002 + 4002). 

 We are also given that dx/dt = 2000 (m/hr), and so we substitute and compute. You can verify that the result is the following. 

d/dt = (2000)(4002)/(400)(10002 + 4002) = 20/29 radians per hour. 

 The conversion to degrees per minute is accomplished as follows. 

	20 rad

	
	29 hr


	
	180 deg
 rad

	1 hr
60 min

	=
	60
29

	degrees
minute



 In other words, the agent's spyglass must rotate at about 0.66 degrees per minute to track the gangster.
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