[bookmark: _GoBack]Example 1  For the following function identify the intervals where the function is increasing and decreasing and the intervals where the function is concave up and concave down.  Use this information to sketch the graph.

                                                       [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0012M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]


Solution

Okay, we are going to need the first two derivatives so let’s get those first.
                                       [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0013M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
 
Let’s start with the increasing/decreasing information since we should be fairly comfortable with that after the last section.
 
There are three critical points for this function : [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0014M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif], [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0015M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif], and [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0016M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif].  Below is the number line for the increasing/decreasing information.
[image: hapeOfGraphII_Ex1_G1]
 
So, it looks like we’ve got the following intervals of increasing and decreasing.
                                         [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0017M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
 
Note that from the first derivative test we can also say that [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0018M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is a relative maximum and that [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0019M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is a relative minimum.  Also [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0020M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is neither a relative minimum or maximum.
 
Now let’s get the intervals where the function is concave up and concave down.  If you think about it this process is almost identical to the process we use to identify the intervals of increasing and decreasing.  This only difference is that we will be using the second derivative instead of the first derivative.



 
The first thing that we need to do is identify the possible inflection points.  These will be where the second derivative is zero or doesn’t exist.  The second derivative in this case is a polynomial and so will exist everywhere.  It will be zero at the following points.
                                                   [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0021M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
 
As with the increasing and decreasing part we can draw a number line up and use these points to divide the number line into regions.  In these regions we know that the second derivative will always have the same sign since these three points are the only places where the function may change sign. Therefore, all that we need to do is pick a point from each region and plug it into the second derivative.  The second derivative will then have that sign in the whole region from which the point came.
 
Here is the number line for this second derivative.
[image: hapeOfGraphII_Ex1_G2]
 
So, it looks like we’ve got the following intervals of concavity.
                                [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0022M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
 
This also means that
                                                   [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0023M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
are all inflection points.
 
All this information can be a little overwhelming when going to sketch the graph.  The first thing that we should do is get some starting points.  The critical points and inflection points are good starting points.  So, first graph these points.  Now, start to the left and start graphing the increasing/decreasing information as we did in the previous section when all we had was the increasing/decreasing information.  As we graph this we will make sure that the concavity information matches up with what we’re graphing.
 
Using all this information to sketch the graph gives the following graph.



[image: hapeOfGraphII_Ex1_G3]
















Example 2  Use the second derivative test to classify the critical points of the function,
                                                        [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0049M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]


Solution

Note that all we’re doing here is verifying the results from the first example.  The second derivative is,
                                                         [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0050M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
 
The three critical points ( [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0051M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif], [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0052M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif], and [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0053M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] ) of this function are all critical points where the first derivative is zero so we know that we at least have a chance that the Second Derivative Test will work.  The value of the second derivative for each of these are,
                            [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0054M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
 
The second derivative at [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0055M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is negative so by the Second Derivative Test this critical point this is a relative maximum as we saw in the first example.  The second derivative at  [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0056M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is positive and so we have a relative minimum here by the Second Derivative Test as we also saw in the first example.
 
In the case of [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0057M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] the second derivative is zero and so we can’t use the Second Derivative Test to classify this critical point.  Note however, that we do know from the First Derivative Test we used in the first example that in this case the critical point is not a relative extrema.





Example 3  For the following function find the inflection points and use the second derivative test, if possible, to classify the critical points.  Also, determine the intervals of increase/decrease and the intervals of concave up/concave down and sketch the graph of the function.
                                                            [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0058M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]


Solution

We’ll need the first and second derivatives to get us started.
                                  [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0059M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
The critical points are,
                                                  [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0060M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
Notice as well that we won’t be able to use the second derivative test on [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0061M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] to classify this critical point since the derivative doesn’t exist at this point.  To classify this we’ll need the increasing/decreasing information that we’ll get to sketch the graph.
 
We can however, use the Second Derivative Test to classify the other critical point so let’s do that before we proceed with the sketching work.  Here is the value of the second derivative at [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0062M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif].
                                                       [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0063M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
 
So, according to the second derivative test [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0064M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is a relative maximum.
 
Now let’s proceed with the work to get the sketch of the graph and notice that once we have the increasing/decreasing information we’ll be able to classify [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0065M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif].
 
Here is the number line for the first derivative.
[image: hapeOfGraphII_Ex3_G1]
 
So, according to the first derivative test we can verify that [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0066M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is in fact a relative maximum.  We can also see that [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0067M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is a relative minimum. 
 
Be careful not to assume that a critical point that can’t be used in the second derivative test won’t be a relative extrema.  We’ve clearly seen now both with this example and in the discussion after we have the test that just because we can’t use the Second Derivative Test or the Test doesn’t tell us anything about a critical point doesn’t mean that the critical point will not be a relative extrema.  This is a common mistake that many students make so be careful when using the Second Derivative Test.
 
Okay, let’s finish the problem out.  We will need the list of possible inflection points.  These are,
                                                   [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0068M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif]
Here is the number line for the second derivative.  Note that we will need this to see if the two points above are in fact inflection points.
[image: hapeOfGraphII_Ex3_G2]
 
So, the concavity only changes at [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0069M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] and so this is the only inflection point for this function.
 


Here is the sketch of the graph.
[image: hapeOfGraphII_Ex3_G3]
 
The change of concavity at [image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/eq0070M.gif][image: http://tutorial.math.lamar.edu/Classes/CalcI/ShapeofGraphPtII_files/empty.gif] is hard to see, but it is there it’s just a very subtle change in concavity.
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